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I. INTRODUCTION 
The problem of flow of an incompressible fluid through 
channels and pipes has received the attention of research 
workers for over a hundred years. The first to consider this 
problem were Hagan and Pôiseuille in 1839 and l840. They 
established that the velocity distribution in a circular pipe 
is parabolic. This result, apparently, does not hold near the 
entrance of the pipe because the velocity over the entrance 
cross-section is every where constant. 
It is of Interest to determine the distance from the 
entrance section to where the flow becomes fully developed -
the so called entrance length -, and to determine the pressure 
drop in this transition distance. This, the entrance region 
problem as it is called, was first considered by Haganbach 
(8) in i860. The subsequent work in this area was very 
limited. However, recently. Interest in this subject has 
been actively revived mainly because of the availability of 
high speed computers in present times. 
Apparently, the difficulties of solving the entrance 
region problem arise from the fact that the flow is not uni-
dimensional. The boundary layer assumptions are not strictly 
valid at the entrance section. However, it is usually 
assumed that the entrance length is large enough so "the 
boundary layer type assumptions do not cause serious error. 
This accepted, the second momentum equation reduces'to 
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expressing the fact that the pressure gradient normal to the 
walls of the channel is small. This causes a basic difficulty 
because the number of equations becomes shorter by one than 
the number of unknowns. In the usual boundary layer theory 
this difficulty is made up by assuming the pressure distri­
bution within the boundary layer the same as at its outer 
edge. This facility is not available for the entrance region 
problem. Since the fluid outside the boundary layer is 
assumed to be inviscid, the pressure distribution at the 
outer edge of the boundary layer can be deterirxned from the 
inviscid flow theory and is thus supposed to be a known 
function. For the entrance region problem, the pressure 
distribution outside the boundary layer is still an unknown 
function. A fluid entering the channel with a uniform velocity 
becomes fully developed after a short axial distance. Within 
the entrance distance the axial pressure gradient must stay as 
an unknown function of x even after the boundary layer 
assumptions are made. The deficit in the number of equations 
over the number of unknowns must be made up by some other 
method. ¥e can briefly recount the methods available for 
solving the entrance region problem. 
Schlichting (25) proposed the method of patching of 
solutions. The fully developed flow - with constant pressure 
gradient - away from the entrance section is continued 
upstream to join with the boundary layer solution - with zero 
pressure gradient - near the entrance. Schlichting used this 
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method for the entrance region flow in a parallel plate 
channel. Goldstein and Atkinson (?) used that technique 
for entrance region flow in a circular tube. Collins and 
8chowaiter (4) gave higher approximations for Schlichting's 
problem. 
Langhaar (l6) and Targ (33) proposed the linearization 
of the boundary layer equations, thus reducing the number of 
the unknown functions - the normal velocity did not appear 
in the equations -. This linearization technique has found 
favor in recent work since the elegant mathematical tools for 
linear equations such as transform methods. Green's function 
methods and eigenvalue methods become available. Sparrow, 
Lin and Lundgren (30) have generalized the linearization 
technique by introducing a scale factor in the direction of 
the flow. 
Writing the boundary layer equations in finite difference 
form, Manohar (l8) and (19) has obtained the solution for the 
entrance region flow in an annular pipe and a flat duct 
respectively. Wang and Longwell (36) applied the finite 
difference technique to the full Navier Stokes equations 
rather than the boundary layer equations for the flow in a 
parallel plate channel. 
Direct application and minor extension of the above 
techniques have been made by several workers. Non-NeWtonian 
and power law fluids have been considered; the phenomenon of 
turbulance has been taken into account, the slip boundary 
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conditions suitable for low density phenomenon has been 
discussed. Additional effects such as heat transfer or 
imposed magnetic field assuming that the fluid is electrically 
conducting have been considered. One can locate at least a 
hundred published papers in the last two decades devoted to 
the entrance region problem. The same problem has been done 
over again by alternative methods to advocate the super­
iority of a method. 
In the usual boundary layer theory, the PohlhauAen method 
is known to be one of the most practical. It has the features 
of ease of calculation without undue loss of accuracy. It is 
versatile in that the number of boundary conditions one can 
employ is arbitrary. Thus if one wishes to assume the velocity 
in a polynomial form the degree of the polynomial depends on 
the number of the boundary conditions and the number'of 
averaged equations one choses to satisfy. Refinements in the 
original Pohlhausen method have been proposed, by choosing 
higher degree polynomials for the velocity profile, or by 
assuming it in a transcendental form, or by using the boundary 
conditions so that two parameters are left undetermined 
requiring the use of two averaged equations. These so called 
two-parameter methods - by Sutton (31) and Wieghardt (37) -
give better accuracy but at great cost of simplicity. Later, 
one-parameter methods which could use two integral equations 
were proposed by Walz (35) and Tani (32). 
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The Pohlhausen method whether In Its original form or In 
one of the subsequently refined forms is particularly 
suitable for the entrance region problem, because of the 
choice of the number of averaged equations. In 1922, Just 
one year after Pohlhausen had proposed his momentum'integral 
method, Schiller (24) employed it for the entrance region 
problem. Several other authors have employed the method by 
changing the conditions of the problem. Campbell and Slattery 
(2) have recently proposed that the deficiency in the number 
of equations, when the boundary layer assumptions are used, 
could be made up by creating from the single momentum equation 
two equations similar to the momentum and the energy integrals. 
They used their technique for flow through a circular tube 
and achieved the dual purpose of simplicity and accuracy. 
Many physical problems have to take into consideration the 
effects of heat transfer and the effect of an imposed magnetic 
field when the fluid is electrically conducting. Since 
Campbell and Slattery could achieve simplicity and accuracy 
for the simple flow in a tube it is worthwhile Investigating 
if both these objectives would be retained with the added 
effects of magnetic field and heat transfer. These effects 
have been considered separately in earlier investigations, 
but it is the purpose of this thesis to consider these effects 
simultaneously. Most of the existing heat transfer solutions 
are based on the idealized assumption of a fully established 
velocity profile in the entrance of the channel. The other 
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papers, known to the author, which have considered these 
effects simultaneously are by Shohet (2?) who used a finite 
difference technique and Dhanak (6) who based his calcula­
tions on the original Pohlhausen technique for flow over a 
flat plate. 
The equations are non-dimensionalized and reduced to a 
system of ordinary first order differential equations in the 
velocity boundary layer thickness, the thermal boundary 
thickness and the axial pressure gradient. The velocity and 
temperature profiles are assumed in a general form and later 
specialized to quadratic profiles. A new definition for the 
entrance length - suitable for the Pohlhausen method - is 
used. The cases where the thermal boundary layer thickness 
is greater, equal to, or less than the velocity boundary 
layer thickness are discussed. The first case is applicable 
to problems dealing with fluids of large thermal conduc­
tivity as in the case of liquid metal pumps. The comparison 
of the present investigation with those obtained by others 
in less general situations shows good agreement. The 
development of the boundary layer inside the channel is 
shown in Figure 1. 
Figure 1. Velocity profiles in the entrance region. 
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II. THE GOVERNING EQUATIONS 
The motion of an electrically conducting fluid in the 
presence of a magnetic field can be described by the simul­
taneous consideration of the principles of fluid dynamics and 
the principles of electromagnetic theory. In this chapter 
the differential equations and boundary conditions appropriate 
for the problem at hand - the flow of a viscous, incompressible, 
electrically and thermally conducting fluid in the entrance 
section of a parallel plate channel - are described. In 
section A the equations are described in general form. The 
assumptions relevant for the current problem are listed in 
section B; the resulting equations are written in section C; 
and finally, the integral equations are derived in section D. 
A. The Fundamental Equations 
1. Equation of continuity 
The equation of continuity is a statement of the 
principle of conservation of mass and is written (20, pp. 15) 
as, 
^ + pv^, 1=0 (2.1) 
Dt* 
where 
p Is the density of the fluid 
t* is time 
v^ is the contravariant component of velocity In the 
x^-dlrectlon 
10 
, denotes covariant differentiation 
—— denotes the material derivative 
Dt* 
Also the summation convention is used. 
We will be concerned only with cartesian coordinates. In 
such case, the covariant differentiation is simple partial 
differentiation and the contravariant, covariant and physical 
components of vectors and tensors are identical. 
For an incompressible fluid. Equation 2.1 becomes, 
=  0  •  ( 2 . 2 )  
2. Equation of motion 
This is a vector equation and is a consequence of the 
principle of conservation of linear momentum. The equation 
can be written as, 
Dv 
* = 'i " -î 
Dt* 
where 
^ = p, + n (2.3) 
is the stress tensor, which is the component of the 
force per unit area in the x^-direction on an 
element of area whose normal is in the x^-direction 
is the component in the x^^-direction of the non­
electric body forces such as the gravitational force 
P* is the component in the x^-direction of the 
electromagnetic forces 
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3. The constitutive equation 
The behavior of the medium is governed by an assumed 
relation between the stress and strain. This is called the 
constitutive equation of the medium, and is a tensor equation. 
From the principle of conservation of angular momentum it can 
be easily established that the stress tensor is symmetric. 
For an incompressible Newtonian fluid the constitutive equation 
is 
TlJ = -P«13 + VlJ (2-4 
where 
p is the hydrostatic pressure 
e. . is the rate of strain tensor = 1/2 (v. , + v. .) 
IJ 
5^J is the Kronecker delta = 1 for i = J, and zero 
otherwise 
U is the viscosity 
4, The energy equation 
The principle of conservation of energy gives, (20, pp. 
39), 
•n-j- *^1 
s°v — = -P ^1,1 + + k + — (2.5) 
where 
t is the local temperature 
c^ is the specific heat at constant volume 
k is the thermal conductivity 
(J is the electrical conducitivity 
and J. is the component of the electrical current density 
12 
in the x^-direction. 
5. The electromagnetic equations 
When the displacement currents are ignored, and in the 
absence of an external electrical field. Maxwell's etjuations 
in MKS unit system can be written (20, pp. 11 and 39) as. 
Curl B = (2.6) 
where 
B is the magnetic flux density 
Hg is the magnetic permeability 
Ohm's law gives the electric current density J in the form, 
J = a (V X B) (2.7) 
where 
V is the velocity vector. 
The magnetic force P* used in (2.3) is given by, 
P* = J X B (2.8) 
B. Assumptions 
The following assumptions are appropriate for the 
present problem, 
a. The motion of a Newtonian fluid in a parallel plate 
channel near the entrance region is considered. Thus 
two dimensional Cartesian coordinates are used; the 
x-axis is taken parallel to the plates and located 
at the middle section, and the y-axis is normal to 
the plates. 
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ID. The motion Is steady. 
c. The fluid enters the channel with a uniform velocity 
parallel to the plates and a uniform temperature 
d. The channel walls are assumed to be maintained at 
constant temperature T^. 
e. Visceus dissipation is negligible. 
f. No body forces are present. 
g. The induced magnetic field is assumed small compared 
to the applied magnetic field. This assumption 
implies that the magnetic Reynolds number Is small. 
h. A uniform magnetic field is applied normal to the 
channel walls. 
C. The Boundary Layer Equations 
The motion is two-dimensional. Let u and v denote the 
components of the velocity in the x and y-directions. The 
equation of continuity for steady flow reduces to, 
= ° (2.9) 
The stress tensor for two dimensional motion of a Newtonian 
incompressible fluid has components, 
= -P |i 
•••yy "P * ay (s.io) 
M 
^xy T^yx t^^ay ^x^ 
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The external non-electrical force P in Equation 2.3 may be 
assumed to be zero. The motion being two-dimensional and 
without applied electric field, the Maxwell's equations and 
the Ohm's law are satisfied if, 
= 0 
By = constant = B^ 
= Jy = 0 
= a (uB^ - vB^) 
„(uBo - VB^) = - ^ (2.11) 
The components of the electrical force F* occurring in 
Equation 2.3 along the x and y-directions are then 
P* = - ,B^ (UB^ - VB^) 
P| = (,B^ ("Bo -
(2.12) 
Substitution of the stress components (2.10) and the electrical 
force (2.12) into Equation 2.3 gives two scalar equations 
containing B^ which has to be determined from (2.11). This 
is stated by saying that the mechanical and the magnetic 
equations are coupled. A way out of this difficulty, which 
is usually adopted when the interest in the problem warrants 
assuming magnetic Reynolds number to be small, is to assume 
B^ small. Making this assumption in our problem the mechanical 
15 
equations of motion reduce to 
Further, adopting the usual boundary layer assumptions these 
reduce to 
0 = - -l-aE 
p 37 
The last equation expresses the fact that the pressure 
gradient normal to the walls inside the boundary layer is 
small. 
For an incompressible fluid the first term on the 
right side of (2.5) is zero because of the equation of 
continuity. The second term is ignored by assumption e of 
2 
section B. From the boundary layer assumptions is 
neglected in comparison with Also when B is assumed 
ay 
small, the square of the magnitude of the vector J is 
2 2 2 g u B^. The specific heats at constant pressure and 
constant volume are the same for incompressible fluids. 
Therefore Equation 2.5 reduces to 
where we have dropped the subscript v from c^ and 
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a = — Is the thermal dlffuslvlty. 
pc 
Equations 2.9, 2.13, and 2.14 are finally three boundary 
layer equations for determining four unknowns, namely, 
u, V, p and t. In the usual boundary layer theory this 
deficiency is made up by taking the pressure distribution 
within the boundary layer the same as existing at its outer 
edge. This would give 
_ i 2l£ = u ^ ° 
p ÔX ax p 
However, Campbell and Slattery (2) have proposed to create an 
additional equation by integrating Equation 2.13 in two 
different ways. These integrated forms of the equation are 
obtained in the next section. 
D. Integral Equations for the Velocity and 
Thermal Boundary Layer 
Assume that g(x) is the thickness of the velocity 
boundary layer and (x) the thickness of the thermal boundary 
layer. Both boundary layers form at either channel wall. 
Taking into account the symmetry of the problem about the 
midway plane, the boundary conditions suitable for the pro­
blem are 
At y = h: u = 0, 
(2.15) 
V = 0, 
and t = T^ (2.l6) 
The wall temperature T is kept constant. 
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At y = h - 6(x): u = U(x) (2.17) 
At y = h - §^(x): t = T(x) (2.l8) 
Here U(x) - not yet a known function - Is the fluid velocity 
parallel to the channel walls outside the velocity boundary 
layer; and T(x) is the fluid temperature outside the thermal 
boundary layer. 
Integrating Equation 2.9 over a cross section and using 
the conditions on v, we get, 
h 
^ u dy = constant = h (2.19) 
Integrating Equation 2.13 over a cross section we get, 
J-u® ay + ^ - V= 0
o o 
After using (2.19) this can be written as, 
# + f ay + ^  + = 0, (2.21) 
o 
where the friction at the wall is defined by 
= -M •^Iy=h (2.22) 
Also by integrating Equation 2.14 over a cross section we 
get. 
d ^ at ^ p 
•g3j J ut dy = a lyly^h + TS" J " ''y (2-23) 
o O 
The first term in the right hand side is similar to 
defined by (2.22). According to Fourier's law, the heat flux 
18 
from the wall to the fluid q(x) is defined by 
= -k (S-S") 
An additional equation as suggested at the end of the last 
section may be obtained if we multiply (2.13) by u and 
Integrate over a cross section; thus we obtain 
h h 
h , 
+ ïâr ; u'' dy = 0 (2.25) 
o o 
This equation may be called the energy integral equation. 
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III. SOLUTION OP THE TITLE PROBLEM 
In this chapter the averaged equations (2.2l), (2.23) 
and (2.25) are written in a non-dimensional form and reduced 
suitable for numerical solution. 
The Karman-Pohlhausen method is sketched in detail in 
section A. In section B the non-dimensional quantities are 
defined and the equations are reduced to the dimensionless 
form. General velocity and temperature profiles are assumed 
in section C. These profiles are substituted into the 
reduced equations of section B, The resulting equations 
contain some constants, their values depending upon the 
choice of the velocity and temperature profiles. Finally, 
in section D, these constants are evaluated for quadratic . 
velocity and temperature profiles. The results of computation 
are presented in the next chapter, 
A. Karman-Pohlhausen Method 
One of the very practical methods for discussing boundary 
layer problems is the well known Karman-Pohlhausen method. 
Rather than obtaining the usual point wise solution it is 
desired to satisfy the equations of motion in the average 
over a cross section. In other words the integrated forms 
(2.19), (2.21), (2.23) and (2,25) are used. The velocity 
profile is assumed as a polynomial or other function of 
y/s{x)j where s(x) is the unknown boundary layer thickness. 
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The coefficients of the polynomial are obtained by using the 
boundary conditions (2.15) and (2.17) together with addi­
tional conditions obtained from the boundary layer equations 
or some other physical considerations. Thus, at the wall, 
when the conditions u = v = 0 are substituted into Equation 
2.13 we obtain p 
At the outer edge of the boundary layer, the shear stress 
and all higher normal derivatives of u vanish. Therefore, 
At y = h - 5(x): 
u = U(x), -^ = 0 for n = 1, 2, 3, ... (3.2) 
ay 
In the original Pohlhausen method the assumed velocity 
profile is substituted into the integrated form of the 
boundary layer equation - the momentum integral equation -
(2.21); a single first order non-linear ordinary differential 
equation is obtained. This equation is then solved by 
numerical methods. The unknown function in this differential 
equation is the boundary layer thickness g(x), or the form 
2 
parameter A = . Later Holstein and Bohlen (ll) took the 
unknown function \ = ( ôg/v) (<îU/dx) where ^  is the momentum 
thickness and is given by 
h 
02= ! (u/U)(l - u/U) dy . 
h-\6 
Pohlhausen had taken a fourth degree polynomial as the 
assumed velocity profile. In the subsequent efforts to 
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achieve improvement of the Pohlhausen method different 
forms of the velocity profiles were used. These are designa­
ted by the label one-parameter methods. ; Sutton (31) and 
Wieghardt (37) proposed the so called two parameter method 
by considering the energy integral ec^uation in addition 
to the previous system. Because of the complicated computa­
tions involved in the two parameter method Walz (35) and 
Tani (32) suggested the modified one parameter method where 
they could still use the energy integral equation by not 
taking into account the ' Condition'3.1/ Campbell and Slattery 
(2) suggested using the additional energy integral equation 
to make up for the loss of one equation through boundary 
layer assumptions. Thus the pressure gradient ôp/^x need 
not be borrowed from the potential theory and remains an 
unknown function. Thus, bringing in only one unknown para­
meter into the assumed form of the velocity profile, Campbell 
and Slattery solved the problem of hydrodynamic flow in the 
entrance region of a circular tube. 
The method of Campbell and Slattery appears to achieve 
simplicity without undue sacrifice in accuracy. In fact, 
the results obtained by this method stand very favorably 
with those obtained with other more complicated methods. 
In view of the fact that the present problem involves 
magnetic and heat transfer effects, it was thought that this 
simpler method may prove all the more useful. Although it 
appears that we have placed too many restrictions on the 
22 
magnetic field and assumed the viscous dissipation small, 
yet these restrictions are known to hold in most practical 
problems. In spite of these restrictions very little work 
has been done on the entrance region problem with the 
magnetic and heat transfer effects simultaneously considered, 
B. The Equations in Non-dimensional Form 
Before setting about solving the set of integro-
differential Equations 2.19, 2.21, 2.23, and 2.25 it is 
desirable to write these equations in non-dimensional form. 
For this purpose let 
X* = 7^ #-- (3.3) 
Po - P 
P* =--9 2 (3.4) 
i/2pu; 
t - T ^ 
0 = m _ ij (3.5) 
w 
T - T ^ 
T* = T (3.6) 
o w 
Also let Rjj denote the Hartmann number where, 
^rrh^B^ 
H ^  • R# . (3.7) U 
Equation 2.21 becomes 
1/2 = -1^  -i- dy + (3.8) 
dx* hU^ dx* à [1^0 ^ 
is defined by (2.22). 
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The energy integral Equation 2.25 takes the form 
1 / 2 ^ = 1 ^  r \ 3 d y  +  A i # ) '  d y  
dx* 2hU^ dx* Ô & a? 
o o 
rI h 
+ —2 r u dy . (3.9) 
hu^ 6 
Using Equation 2.19 and assuming that E is the Eckert number 
defined by 
E = ^, (3.10) 
o(%- V 
and Pr is the Prandtl number given by 
Pr = , (3.11) 
Equation 2,23 reduces to 
' A" '^+^5 A" ^ dx* 
r| E h „ 
+ r dy (3.12) 
U T* b 
o 
From the thermal boundary layer Equation 2.20 we can see 
that 
Then (3.12) reduces to 
, h 4h^U^ 
J 0U dy = -p -^1 
dx* o SY y=h 
ER§ h o h_ 
+ (;*u^ dy - U J eu dy) (3.14) 
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After assuming a suitable velocity profile. Equations 3.8 and 
3.9 reduce directly to two first order ordinary differential 
equations in P* and 6(x). An additional ordinary differential 
equation in fi(x) and ô-^(x) is obtained from (3.14) after 
choosing the proper temperature profile. 
C. Assumptions Regarding Velocity and Temperature 
Profiles 
1. The velocity profile 
Let the velocity profile be given by 
^ = f(r), for 0 g r g 1 
where 
and 
= 1, for 1 g r g 1 
_ Â 
~ h 
(3.15) 
r . 
0 
Now we can evaluate the integrals contained in Equations 
2.19, 3.8 and 3.9 in the following manner 
h 
/ u dy = Uh(l - m + a,m) , (3.16) 
h p 
J u2 dy = U h(l - m + agin) , (3.17) 
o 
J u^ dy = u\(l - m + a^m) , (3.18) 
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(3.19) 
o 
Tw = iiS ' (3.20) 
where 
1 
= J f(r) dr 
o 
ap = J f^(r) dr 
o 
= J f3(r) dr (3.21) 
o 
1 p 
a4 = J [f'(r)] dr 
o 
a^ = f'(0) 
Prom (2.19) and (3.I6) we have 
"c 
'n 
Using Equations 3.15 through 3.22, Equations 3.8 and 3.9 
become 
"  '  1 - m  + L m  (3.22) 
<JP* _ a 1 - m + agin 
and 
1/2 = _H_ [ £ p] + 2 + R-
dx* dx* (1 - m + a^m) m(l - m + a^m) 
(3.23) 
1/2 ^  = 1/2 ^ , 
dx* dx* (1 - m + a^m) m(l - m + a^m) 
p 1 - m + apm 
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Eliminating dP*/dx* between Equations 3.23 and 3.24 we get 
2 8(1 - m + a.m) 
= — g- [(a^ - a^) - a^m 
dx* m(xi + Xgm + ) 
+(%% X4 + a^a^)m^ + (3.25) 
Substituting back in Equation 3.23; we have then 
(jp* •Xy''^)[(®'5 ~ (X+ a^a^ )m + m ] 
dx* m(l - m + a^ni)(X]_ + Xgin + Xoin^) 
8ac p 
+ 2 + 2Rg (3.26) 
ni(l - m + a^m) 
where the \'s are given by 
Xl = Bi-Sag+a^ 
Xg = -2(a^-l)(l+2a^-a2) 
X3 = 2(a^-l)^(a2-l) 
X4 = - l/4(l-2a^+a2) (3.2?) 
X5 = l/4(a^-l)^ 
X6 = -4X4 
X y  =  " ( a g - l )  
For any specific function f(r), the a's and the x's can be 
calculated, then (3.25) and (3.26) can be solved for m and ?*, 
2. The temperature profile 
t - T, 
Let e = J _ = g(s) for 0 g 8 g 1 
= 1 for 1 s s g 
1 (3.28) 
27 
where 
6t 
- h 
8 =2 
h y 
_ _ n 
" ~ 6 ~ m 
It Is now required to evaluate the first Integral in 
Equation 3.14. The value of that Integral will be different 
for the different cases where, 
6t > 6 or 5^ = 6 or < § 
Case (i): 6t > S (y > l) 
h h-fi, h-6 h 
J eudy = J eudy + J* 0udy + J eudy 
° o h-6^ h-6 
h-5 ^ i 2 
= J Udy + J u y(5) ds + g. f Uf(Ys)g(s)ds 
o 1/Y o 
1 l/v 
= Uh[l - n + n J' g(s)ds + n [ f{Ys)g{s)ds] 
1/Y Ô 
(3.30) 
Case (11): = g (y = l) 
h h-fi h 
J BUdy = J 0udy + J eudy 
o o h-A 
1 
= Uh[l - n + n C f(r)g(r)dr] (3.31) 
Case (ill) : < à iy <  ^ ) 
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h h-6 h-5. h 
? eudy = J eudy + J eudy + J 0udy 
° h-6 h-ô^ 
h-6 1 Y n 
= J Udy + ô J u f (r)dr + j J* Uf (n)g(-)dn 
O y 0 
1  - Y . ,  ,  , r .  
o 
= Uh[l - m + m J f(r)dr + m J f(r)g(—) dr] (3.32) 
Y 
Hence choosing 
^2 - n Mg - M — n - m 
1/Y 
cp^ = J f{ys) g(s) ds 
o 
1 
1 
cp2 = J f(r) g(r) dr (3.33) 
o 
CP3 = J^f(r) g(-) dr 
o Y 
1 
ijri = J g(s)ds 
1/Y 
$2 = 0 
1 
= J f(r) dr 
Y 
¥e get 
h 
J 9udy = Uh[l - Tij_(l - \l(j_ - cp^)] 
0 
where the subscript 1 = 1, 2, 3 corresponds to the Cases (l), 
(il) or (ill), and ilr^^ cpj_ are given above. Now Equation 
3.14 becomes 
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(4 1 + r|4 (-1 + cp4 + $4 ) 4ay 
— [ ; —] + EPF 
dx* 1 - m + a^m) 
ERg + cp^ + - a^)m^ 
(3.34) 
+ [— : ] 
T* (l - m + a^m) 
where a^ = g'(0). 
D. Quadratic Profiles 
1. Velocity profile 
We consider the quadratic velocity profile with 
f (r)  = ao +  a-^r +  
then the conditions, 
u = 0 at r = 0 
u = U at r = 1 
= 0 at r = 1 
yield 
f(r) = 2r - r^ (3.35) 
The constants in (3.21) and (3.27) are calculated to give 
2 
\o -
30 
26 
2 315 
, _ 
^3 135 
X4 = - ^  (3.36) 
%5 = 35 
= 3 
^7 " 35 
Substituting these values in Equations 3.25, and 3.26 we get 
7(3 - m)^(120 - 120m -
(3.37) 
dx* 3111(27 + 39m - 49m^) 
3,nd 00 o o 
dp* 7(9 - 7m)(120 - 120m - 9RHm^ -'SR^m^) 
dx* 5m(3 - m)(27 + 39m - 49m)^ 
+ . + r| - (3.38) 
m(3 - m) 
These are subject to the initial conditions, 
m = 0, p* = 0 for X* = 0 . (3.39) 
The system 3.37 and 3.38 is equivalent to 
dx* ^  3m(27 + 39m - 49m^) 
^ 7(3 - m)^(120 - 120m - gR^m^ + 5R§^^) 
and 
(3.40) 
^ 6(27 + 39m - 49m^)(24 + 3RHm - R^^) 
^ 7(3 - m)3(l20 - 120m - 9R^^ + 5R^m^) 
" • » >  
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The above system is numerically solved by initially using a 
Runge-Kutta method followed by corrector predictor method. 
2, Temperature profile 
We consider a quadratic temperature profile with 
S(s) = @0 + + ggS^ 
using the conditions 
t = T^ at y = h 
t = T 
0 
at y = h - 6, 
^ = 0 
ay 
we get 
g(s) = 2s - s^ (3.42) 
Substitution in Equation 3.'33 
= ^ ^3 [3 Y - 3] 
_ 8 
CP2 - 15 
p5 3 (P3 = — [3 - 5 y] 
ilfl = [1 - 3Y + 2Y^] 
2Y-
$2 = 0 
il;3 = 3 [2 - 3Y^ + Y^], aj = 2 
From Equations 3.13 and 3.22 we get 
dT* ^  dm 
dm 3 - m ax* 
(3.43) 
(3.44) 
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Substituting for cp^, and a^ from (4.43) into (3.34) we 
get l) for the case y > i 
dn n ^ 80n(3 - m)^ 
dx* (3-m)(-10n3 ^  ^^fn - 2m^) 
+ (lOn^ + 2m^ - 9ni^ - 30n^ - 5nm^ + 30nm) dm 
P dx* 
3ERg p q P 3 
+ —- (-l4n m + lOn^ + 5nm - mM)] (3.45) 
iji* 
This equation can be written in the following equivalent form 
r g ^ [ ( lOn^ + 2m^ - 9m^ 
(3 - m)(-10n3 + 5m n - 2m3) 
,2 2 3ER. 
-30n^ - 5nm^ + 30nm) - 80^^(3-ni) ^ + . H 
Pr dm 
(-l4n^ra + 10n3 + 5nm^ - m^) (3.46). 
The initial conditions are 
n = 0, T* = 1 and x* = 0 for m = 0. 
If 6^ > the non-dimensional thermal boundary layer 
thickness n can be obtained by solving this equation 
simultaneously with Equations 3.40 and 3.44. 
ii) for Y = 1 
(3.47) dn _ 8o(3-n) _ 7n-9 dn 
dx* 7n Pr T(3^ dx* 
or 
^ = gO(3-m)^ (3.48) 
dx* 3n Pr 
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Hi) for the case Y < 1 
2 
dn _ -80(3-m)m^ (-4m^ - n^ + 5n^m) 
dx* n^(3n-10m)Pr T* n(3-m)(3n - 10m) 
2, dm 
m(3 - mj'(3n - 10mj 
n(-6n + 15m + 3mn - 10m ) (3.49) 
This equation can be written in the following equivalent form, 
is = iSÎ r-80(3-m)m^ ^ 3ER^(-4m3-n3+3n^m) 
dm dm n^(3n-10m)Pr T*n(3-m)(3n-10m) 
. n(6n - 15m - 3mn + lOm^) 
+ m(3-m)(3n-10m) ^3.50) 
The initial conditions are 
n = 0, T* = 1 and x* = 0 for m = 0. 
Again if & > 5^ the thermal boundary layer can be obtained 
by solving this equation simultaneously with Equation 3.40 
and 3.44. 
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IV. SUMMARY OF RESULTS 
The system of ordinary differential Equations 3.40, 3.4l, 
3.44, and 3.46 corresponding to the case y > 1, and the system 
3.40, 3.41, 3.44, and 3.50 corresponding to y < 1 are solved 
numerically. The solution of the first two equations for 
p* and X* with the initial conditions 
p* = 0, X* = 0 at m = 0 
is straight forward. The first few values are found by the 
self starting Runge-Kutta method followed by the corrector 
predictor method on the I.B.M, 7074 digital computer. When 
either Equation 3.46 or 3.50 is involved with the initial 
conditions 
X* = 0, n = 0, T* = 1 at m = 0 
starting became a problem due to the occurrence of zero's 
in the denominators of these equations. The Runge-Kutta 
method and other starting methods depend upon the values of 
the derivatives at the initial point. These values cannot 
be found in this case. The trouble was overcome by shifting 
the initial point (0,0) to a near by point (10~^, 10"^). 
The program used gives accuracy up to 7 digits. The accuracy 
is diminished to five or six digits for values of n and T*. 
The solution is obtained for different values of 
Hartmann numbers, Prandtl numbers and Eckert numbers. Some 
of the results are plotted and compared with others obtained 
by alternative theoretical methods, since the experimental 
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data is not available, 
A. The Entrance Length 
Like the definition of boundary layer thickness in fluid 
flow past solids, the definition of entrance length is 
arbitrary. In the former case the flow within the boundary 
layer merges with the outer inviscid flow only asymptotically. 
To give a precise meaning to the boundary layer thickness it 
is usually assumed that at the distance normal to the wall -
designated by the boundary layer thickness - the velocity has 
acquired 99% of the outer (inviscid) velocity value. For 
the entrance region problem the flow in the channel immediately 
downstream of the entrance section merges into the fully 
developed flow far down stream. Again, this merging takes 
place asymptotically. The situation now is however, 
complicated by the fact that even when the boundary layer 
assumptions are accepted the flow outside the boundary layer 
is still unknown. Shohet (27) defined the entrance length 
to be the distance from the entrance section to where the 
center line velocity reaches 90^ of its fully developed 
value. Roidt and Cess (21) and Snyder (29) found the 
entrance length for 95^ and 99% definitions. These definitions 
are not suitable when the Pohlhausen method is used because 
in this method the velocity in the central core, outside the 
boundary layer, is taken as U(x) which holds every where in 
the core and not just at the center line. Dhanak (6), who 
employed the Pohlhausen method, did not give the expression 
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for the entrance length. Campbell and Slattery (2) have not 
defined the entrance length either, Maciulaitis and Loeffler 
(17) defined the entrance length as the distance required for 
the friction factor to come to 90% of the fully developed 
value. 
A new definition for the entrance length is proposed in 
the following. For the fully developed flow the boundary 
layers on both walls of the channel should merge into the 
center line. In other words one could define entrance length 
to be the distance from the entrance section for which m -» 1. 
However, because of the asymptotic behavior of the approach 
toward fully developed flow, this definition does not give a 
finite length except for the non-magnetic case. For non-zero 
Hartmann numbers this definition is not suitable. It is pro­
posed to define the entrance length x* as the distance 
required for the boundary layer to reach its Pseudo-Maximum 
width ôg. Here, Pseudo-Maximum width is the width of the 
boundary layer when the slope of the tangent line to the 
outer edge of the boundary layer is very small. This is 
taken specifically as 4hU^/150v^ i.e., dx*/dm = 150, 
According to this definition the entrance length for = 0 is 
,099614 which is much larger compared with others. For non­
zero Hartmann numbers the present definition gives the entrance 
length in good agreement with the same obtained from other 
definitions as the following table shows. 
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Table 1. Comparison of entrance lengths 
% 0 8 20 
Present 0.09961 0.01914 0.00272 
Snyder 0.04825 0.01925 0.00225 
Roidt and Cess 0.04540 0.01670 
Hwang and Pan 0.04220 0.01880 0.00304 
Manohar 0.04350 0.02000 0.00307 . 
The above table shows that the entrance length decreases as 
the Hartmann number Increases. Thus the fully developed flow 
can be obtained in shorter distance from the entrance section 
by Increasing the Hartmann number. 
It is also of interest to note that for the non-magnetic 
case the above definition of the entrance length corresponds 
to m = 0.9991. However, a closer agreement with other 
results would be obtained if we choose m slightly smaller as 
the following table shows. 
Table 2. Entrance length for R_=0 and different values of m 
m 0.97 0.99 0.9991 0.9999 
Entrance length 0.04641 0.06348 0.099614 0.133935 
Figure 2. Entrance length and the non-dimensional boundary 
layer thickness versus Hartmann number. 
(Entrance length x* corresponding to = 150) 
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B. Pressure Distribution 
The numerical solution of Equation 3.38, is plotted in 
Figure 3. The plot is for the non-dimensional pressure distri-
p 
butlon p* = (p^-p)/l/2pU^ against the non-dimensional 
distance x* for the four Hartmann numbers 0, 4, 8 and 20. 
The results are compared with those of Snyder and Roidt and 
Cess; the agreement is very close. For a given Hartmann 
number, p* Increases with x* and the curve tends to be a 
straight line after a certain value of x*. The point where the 
pressure gradient tends to a constant value occurs ahead of the 
entrance length above defined (marked by a crossing line on the 
graph). Thus, for = 0, the curve tends to be a straight 
line of slope 24 when x* ^  0.02, while the entrance length 
^ = 0.99614. For Rjj = 4, the curve tends to be a straight 
line of slope 63 when x* g 0.01 while the entrance length x^ = 
0.06708. The curve tends to be a straight line of slope 172 
for X* ^  0.005 when R^ = 8. The corresponding entrance 
length is 3^ = 0.019143. For R^ = 20, the curve tends to be 
a straight line of slope 857 for x* ^  0.002 while the entrance 
length 3^ = 0.002719. In fact one could have an alternative 
definition for entrance length as the distance beyond which 
the fully developed pressure gradient is reached within 
certain accuracy. 
The graph indicates that p* increases or the pressure p 
drops faster for higher Hartmann numbers or stronger magnetic 
fields. 
Figure 3. Dimensionless entrance region pressure distribution 
for Hartmann numbers 0, 4, 8 and 20, 
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G. Boundary Layer, Displacement, and Momentum Thickness 
The boundary layer thickness 5, the displacement 
thickness 5^ and the momentum thickness gg are related by 
the definitions 
61 = ; (1 - ay (4.1) 
h-6 
and 
h 
«2 = J ^ (1 - i) dy (4.2) 
h-8 ^ " 
For the specific velocity profile (3,35), (4.1) and 
(4.2) reduces to 
and 
6]^  = -3 (4.3) 
Ô2 = "33 6 (4.4) 
Figure 4 shows the relationship between the non-dimensional 
distance along the axis of the channel x* for different 
Hartmann numbers. Figures 5 and 6 show.the development of the 
non-dimensional displacement and momentum thickness 5^/h and 
Sg/h respectively along the entrance of the channel for 
different Hartmann numbers. These last two are compared with 
those of Dhanak (6). 
The curves obtained by Dhanak are plotted in the region 
0 ^ X* < .0016, 0 <: m < «3 which is smaller than the region 
we have used. In fact it is not large enough to show a 
reasonable part of the entrance length except for = 20 and 
4o. Although it is difficult to draw general conclusions 
Figure 4. Effect of magnetic field on the non-dimensional 
boundary layer thickness. 
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Figure 5. Effect of magnetic field on the non-dimensional 
displacement thickness. 
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from the comparison. It appears that for = 0, 4 Dhanak's 
"boundary layer thickness Is smaller than the present. It 
looks the same for = 10. For R^ =20 and 40 his boundary 
layer develops faster than the present. 
In addition to the conclusion of section A that the 
entrance length decreases when Hartmann number increases, 
we can see that the thickness of the boundary layer -
consequently, the displacement and momentum thickness -
also decreases by the increase of Hartmann number, 
D. Wall Shear 
Figure 7 shows the variation of the wall shear against 
the non-dimensional distance x* for different Hartmann 
numbers. Comparison with Snyder (29) shows good agreement. 
The curves from the present investigation and from Snyder are 
identical for R^ = r and R^ = 4, but for higher Hartmann 
numbers the values of wall shear from this investigation are 
slightly higher than Snyder's and the difference increases 
with the increase of Hartmann number. The friction decreases 
sharply for small values of x* then takes almost a constant 
or very slightly decreasing course. 
E. Thermal Boundary Layer 
Figures 8, 9, and 11 show the development of the thermal 
boundary layer in the entrance region, each figure is obtained 
for fixed Erandtl and Eckert numbers and different Hartmann 
numbers. 
Figure 7. Entrance region wall shear distribution. 
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In Figure 10 Prandtl number is taken to be unity. 
Curves corresponding Eckert numbers 3E = .05 and 3E = .005 
with Hartmann numbers Rg = 2 and 20 are given. A comparison 
of Figures 8 and 9 with 4 shows that for Pr = 100 and Pr = 10 
the velocity boundary layer is definitely thicker than the 
thermal boundary layer. From Figures 11 and 4 it is seen 
that for Pr = 1/10 the thermal boundary layer is thicker 
than the velocity boundary layer. From Figures 8, 9, 10 and 
11 it is clear the thermal boundary layer increases continu­
ously for the same Hartmann number when Prandtl number 
decreases from 100 to 1/10. 
If we define the thermal entrance length to be the 
distance required for n to become unity, then we can see 
that the thermal entrance length decreases for smaller 
Prandtl numbers. From Figure 10, it is seen that for a 
fixed Hartmann and Prandtl number the higher the Eckert 
number the thicker the thermal boundary. Consequently the 
temperature gradient is larger for higher Eckert numbers. 
Figure 8. Development of non-dimensional thermal boundary layer 
in the entrance region. (For different Hartmann 
numbers, Prandtl number Pr = 100 and Eckert number 
E = 1/600.) 
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Figure 9- Development of non-dimensional thermal boundary layer 
in the entrance region. (For different Hartmann numbers, 
Prandtl number Pr = 10 and Eckert number E = I/600.) 
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Figure 10. Effect of Eckert and Hartmann numbers on the non-
dimensional thermal boundary layer for Prandtl 
number Pr = 1. 
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Figure 11. Development of the non-dimensional thermal boundary layer 
in the entrance region. (For different Hartmann numbers, 
Prandtl number Pr = 1/10 and Eckert number E = I/600.) 
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V. NOMENCLATURE 
Constants l = l _» 5 
B The magnetic flux density 
Constant magnetic field in the y-direction 
C Specific heat 
e^j Rate of strain tensor 
E Eckert number = ] 
f Velocity profile = u/U 
P Body forces 
P* Electromagnetic forces 
g Temperature profile =(t-T^)/(T-T^) 
h Half channel width 
J ' Electric current density vector 
K Thermal conductivity 
m Non-dimensional velocity boundary layer thickness 
= ô(x)/h 
n Non-dimensional thermal boundary layer thickness 
= 6t(^)/h 
p Pressure 
p^ Pressure at the inlet section 
p* Non-dimensional pressure = ip^-p)/l/2pU^ 
Pr Prandtl number = v/a 
q Heat flux from the wall to the fluid 
Rg Hartmann number = 2hB^ 
r Non-dimensional distance from the wall referred to the 
velocity boundary layer thickness = (h-y)/5 
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s Non-dimensional distance from the wall referred to the 
thermal boundary layer thickness =-•(b.-y)./fi^ 
t* Time 
t Local temperature 
T Temperature of the fluid in the central core 
T^ Temperature of the fluid in the inlet section 
T* Non-dimensional temperature = ('T-T^)/(T^-T^) 
T^ Temperature of the wall 
u Velocity in the x-direction at any point in the channel 
U Velocity in the central core 
Inlet cross section velocity 
V Velocity.in the y-direction at any point in the channel 
V Velocity vector 
X Distance measured from the inlet cross section along 
the axis of the channel 
p 
X* Non-dimensional distance = sjx/^h Uo 
X Thermal diffusivity 
V Ratio of thermal and velocity boundary layer thickness 
= 6^/Ô 
6 Velocity boundary layer thickness 
0^ Thermal boundary layer thickness 
6^ Displacement thickness 
6^/h Non-dimensional displacement thickness 
ëg Momentum thickness 
f^/'h Non-dimensional momentum thickness 
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M Viscosity 
He Magnetic permeability 
V Kinematic viscosity 
P Density 
a Electrical conductivity 
Stress tensor 
Tw Wall shear 
T* Non-dimensional wall shear = h,,/uU 
' W 1 
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SUMMARY 
The entrance region problem for a viscous electrically 
and thermally conducting fluid inside a parallel plate 
channel is considered. The one-parameter Pohlhausen method 
with two integral equations - the momentum Integral and the 
energy integral - has been employed. This method was earlier 
proposed by Campbell and Slattery who used it to solve the 
entrance region problem for simple viscous flow through a 
circular tube. 
The integral equations are reduced to a system of 
ordinary differential equations which contain some constants 
and parameters their values depend upon the choice of 
velocity and temperature profiles. That system of ordinary 
differential equations is solved for the special case of 
quadratic velocity and temperature profiles. The results 
are compared to those obtained by other theoretical method. 
Also, a new definition for the entrance length, suitable for 
the boundary layer assumptions is given. 
Comparison shows that the method accurately describes 
the flow in the entrance region of the parallel plate channel 
with the imposed magnetic field. Fluid temperature increases 
with the increase of Hartmann, Prandtl or Eckert numbers. 
The entrance length decreases by the increase of 
Hartmann number. Boundary layer, momentum and energy 
thickness also decrease by the increase of Hartmann 
70 
number. Also, the pressure in the entrance region drops 
faster for stronger magnetic fields. 
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